LEVEL ZERO FUNDAMENTAL REPRESENTATIONS OVER 
QUANTIZED AFFINE ALGEBRAS AND DEMAZURE MODULES 



MASAKI KASHIWARA 

Abstract. Let W{njk) be the finite-dimensional irreducible module over a quantized 
afSne algebra {/^(g) with the fundamental weight Wk as an extremal weight. We show 
that its crystal B{W{iAJk)) is isomorphic to the Demazure crystal B~{—Aq + ccfc). This 
is derived from the following general result: for a dominant integral weight A and an 
integral weight /i, there exists a unique homomorphism Uq{Q){u\ Cg) w^) — > ^(A + fi) that 
sends u\ (X> to UA+/i- Here V{X) is the extremal weight module with A as an extremal 
weight, and u\ G V^(A) is the extremal weight vector of weight A. 



1. INTRODUCTION 

The finite-dimensional representations of quantized affine algebras Ug{Q) are extensively 
studied in connection with exactly solvable models. It is expected that there exists a 
"good" finite-dimensional [/g(g)-module W{mwk) with a multiple of a fundamental 
weight as an extremal weight. This module is good in the sense that it is irreducible 
and it has a crystal base and moreover a global basis. 

In the untwisted case, its conjectural character formula is given by Kirillov-Reshetikhin 
([T7j. see also jlHl), and its conjectural fusion construction is given by Kuniba-Nakanishi- 
Suzuki (ITH|). It is proved by Nakajima ([22]) that the fusion construction gives irreducible 
modules with the expected character in the simply laced case, and by Chari in some 
cases. 

It is also expected that any "good" finite-dimensional C/g(g)-module is a tensor product 
of modules of the above type. 

It is also conjectured in jHE] that the f/^(0)-modules W^mwk) has a perfect crystal of 
level £ if and only if m = ic^ ( := max(l, 2/{ak, c^k)))- Moreover it is conjectured that 
the crystal base B{W{£c^Wk)) is isomorphic to the Demazure crystal _B^(— Mq + £c^ti7fc) 
if we forget the 0-arrows. Here, for an integral weight A, -B^(A) denotes the crystal for 
the ?7^(g)-module generated by the extremal vector with weight A. They are proved in 
certain cases ([ZIIH]). More general relations of perfect crystals and Demazure crystals are 
discussed in jH]. 

In this paper we show that B(W{wk)) is isomorphic to the Demazure crystal Ao + 
zuk), or equivalently BiW^—Wk)) is isomorphic to the Demazure crystal -B'''(Ao — ixik) 
(Corollary 1121). 

The main ingredient is the following theorem, which the author started to study in 
order to answer a question raised by Miwa et al: 
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Theorem 13.31 Let f/g(g) be a quantized affine algebra. Let A G be a dominant 
integral weight and /i G P an integral weight. Then there exists a unique homomorphism 

V{X) ® V{fi) D Uq{g){u\ ® M^) > V{X + /i) that sends ux (g) to ma+z^. Moreover this 

morphism is compatible with global bases. 

Here ^(A) is the extremal weight module with A as an extremal weight, and u\ G V^(A) 
is the extremal weight vector of weight A. 

Acknowledgment The author thanks B. Feigin, M. Jimbo, T. Miwa, E. Mukhin, Y. 
Takeyama, and M. Okado for helpful discussions. 

2. Review on crystal bases and global bases 

In this section, we shall review briefly the quantized universal enveloping algebras and 
crystal bases. We refer the reader to CHI CSl d CHI HH] ■ 

2.1. Quantized universal enveloping algebras. We shall define the quantized uni- 
versal enveloping algebra Uq{g). Assume that we are given the following data. 

P : a free Z- module (called a weight lattice), 

/ : an index set (for simple roots), 

ftj G P for i G / (called a simple root), 

hi G P* := Hom2(P, Z) (called a simple coroot), 

(■,-):PxP^Q a bilinear symmetric form. 

We shall denote by (■,■): P* x P ^ Z the canonical pairing. 
The data above are assumed to satisfy the following axioms. 

(aj, ai) > for any z G /, 
^ (ai, aj) ^ for any i, j e I with i ^ j, 

2(a- A) 

{hi, A) = - — for any i G / and A G P. 

{ai,ai) 

Let us take a positive integer d such that (a,, aj)/2 G Zd"^ for any i E L Now let q 
be an indeterminate and set 

(2.2) K = Q(g,) where = q^^'^. 
We define its subrings Aq, A^o and A as follows. 

Ao = {f/g;f,geQ[qs],g{0)y^O}, 

(2.3) A^ = {f/g;f,geQ[qs'\g{0)^0}, 

A = Q[gs,gs-']. 

Definition 2.1. The quantized universal enveloping algebra Uq{g) is the algebra over K 
generated by the symbols Ci, fi {i G /) and q{h) {h G d^^P*) with the following defining 
relations. 

(1) q{hi)q{h2) = q{hi + /i2) for hi, /12 G d~'^P*, and q{h) = 1 for h = 0. 

(2) q{h)eiq{h)~^ = g^'*'"''^ Cj and q{h)fiq{h)~^ = q"^^'"^^ fi for any i E I and h G 
d-^P*. _^ 

(3) [e„ /,] = for t, j G /. Here q, = gK,"^)/^ and t, = q{^hi). 
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(4) (Serre relation) For i ^ j , 

k=0 k=0 

Here 6 = 1 — {hi, aj) and 

ef ^ = e1/[%\ , ft^ = /f /[fc],! , 

For i E I, we denote by f/q(g)i the subalgebra of Ug^Q) generated by Cj, fi and q{h) 
{h e d-^P*). 

Let us denote by W the Weyl group, the subgroup of GL{P) generated by the simple 
reflections sf. Sj(A) = A — {hi, X)ai. 

Let A G Q : = Za^ be the set of roots. Let := A fl Q± be the set of positive and 
negative roots, respectively. Here Q± := ± Z^o«i- Let A''^ be the set of real roots, and 
set := A± n A'"^ 

2.2. Braid group action on integrable modules. The g-analogue of the action of the 
Weyl group is introduced in [121 123 ■ We define a g-analog of the exponential function by 



(2.4) exp^(x) = E 



°o ^n{n-l)/2^n 



\n\ 

n=0 ^ J 



This satisfies the following equations: 

exp (x) exp (y) = exp (x + y) if xy = q^yx. 
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exp^(a;) exp^-i {y) = ^'^^^ lYlJoi^l'^^ + ^ '^v) if v] = ^ 



\n\\ 



(2.5) exp^(a;)expg-i(-x) = 1, 

exp^(x) = ^1 + (1 - q^)x^ expg(g^x), 
exp^(a;) = [1^=0 (l + ^'"(1 - 9')^) ^r |g| < 1, 
For i ^ I, we set 

1^2 5^ = exp^-i(C^eit-^)exp^-i(-/i)exp^-i(gieA)g, 

= exp^-i {-qi^fiU) expg-i (e^) exp^-i {-qifit^^) gj^^^'^'+i)/^ 

We regard Si as an endomorphism of integrable f/g(0)-modules, and q!^^^^'^^'>/'^ acts on the 

weight space of weight A by the multiplication of 

On the [l + l)-dimensional irreducible representation of Ug{Q)i with a highest weight 

vector Uq^ and uf^ = f^^^u^Q, 



hi(hi+l)/2 



(2.7) S,iu':>) = i-iy-'q 



u 



-ki 



Hence, Si sends the weight space of weight A to the weight space of weight SjA. By the 
above formula, we have 

(2.8) Siuf^ = and SiU^^ = {-q^Yuf\ 
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Since {Si} satisfies tfie braid relations, we can extend the actions of Si on integrable 
modules to the action of the braid group by 





Sww' 


= Sw o Syj' if I {ww') = I {w) + I {w'), 




Ss 


= Si. 


2.3. Braid 


group ciction on 


II„(a]. We define the rini? automorDhism of II„(a^ bv 

\-y Q V y| / • * T V_> V>-L J-X-L V,.' U XX v.' X XXX^— CAJ KA- xJ V^XXX VyX L^XXXk^XXX _x 2 X Q \ / KJ J 


(2.9) 


= 


Q 


(2.10) 


Uq{h)) = 


q{Sih), 


(2.11) 


Ti{ei) = 




(2 1 2"! 


T(f) — 




(2.13) 


Tiicj) = 


k=0 


(2.14) 


W)) = 


fc=0 



Then it is well-defined, and it satisfies 

(2.15) Ti{P)u = SiPSr^u 

for any P G Uq{g) and any element u of an integrable ?7q(0)-module. 
The operator Tj is invertible and its inverse is given as follows. 



(2.16) 


Tr\q{h)) 




(2.17) 




= -t-'h. 


(2.18) 


Ti-\h) 








-(hi,aj) 


(2.19) 




= E( 






k=Q 






-{hi,aj) 


(2.20) 




= E( 

k=0 



\k-kik) {-{hi,aj)-k) 



_^\k k r{-{hi,aj)-k) r Ak) 

We can extend the action Tj to the action of the braid group by 

T^^' = Tu, o T^, if l[ww') =l{w) + l{w'), 
Ts. = T,. 

The following proposition is proved in [19j . 

Proposition 2.2. For w G W and i,j & I such that wui = aj, we have 

Ty^ei T^_^ei Cj and T^^fi T^^^fi fj. 

2.4. Crystals. We shall not review the notion of crystals, but refer the reader to [HI GDI 
HSmS]. For a subset J of /, let us denote by Uq{gj) the subalgebra of Uq{g) generated by 
ej, fj (j G J) and q{h) {h G d~^P*). We say that a crystal B over Uq{Q) is a regular crystal 
if, for any Jcl of finite-dimensional type, B crystal over Uq{Qj), isomorphic to a 

crystal base associated with an integrable t/q(gj)-module. 
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By the Weyl group W acts on any regular crystal. This action S is given by 

(j(k.,.m^ if (/i„wt(6))^o, 

|g-(/^.,wtW>^ if (/^„wt(6))^0. 

Let us denote by U~{q) (resp. U^{q)) the subalgebra of Ug^g) generated by the /j's 
(resp. by the Cj's). Then U~{g) has a crystal base denoted by -B(oo) (^]). A unique 
vector of B{oo) with weight is denoted by Mqo- Similarly U^{q) has a crystal base 
denoted by B{—oo), and a unique vector of B{—oc) with weight is denoted by m_oo- 

Let ip be the ring automorphism of Ug^Q) that sends qs, e^, fi and q{h) to gs, /«, Cj and 
q{—h). It induces bijections {q)^^U'^ {q) and i?(oo)^^i?(— oo) by which Mqo, e^, /«, 

£i, vjj, wt correspond to u_oo, /i, '^u ^i, -wt. 

Let Ugi^o) be the modified quantized universal enveloping algebra ®\(^pUq{Q)a\ (see 
[in]). The elements oa, the projectors to the weight A-space, satisfy a\- = 5\^^a\ and 
axP = Pax-wt{P) for PeUg{g). ^ 

Then Ug{Q) has a crystal base {L{Ug{Q)), B{Ug{g))). As a crystal, B{Ug{g)) is regular 
and isomorphic to 

y 5(cx)) OTa ® 5(-oo). 

AeP 

Here, Ta is the crystal consisting of a single element ^a with ei(t\) = (pi{tx) = — oo and 
wt(tA) = A. 

Let * be the anti-involution of Uq{g) that sends q{h) to q{—h), and qs, Cj, /j to them- 
selves. The involution * of Uq{Q) induces an involution * on -B(oo), B{—oo), B{Ug{Q)). 
Then e* = * o gj o *, etc. give another crystal structure on B{oo), B{—oo), B{Ug{Q)). We 
call it the star crystal structure. These two crystal structures on B{Ug{Q)) are compat- 
ible, and B{Ug{Q)) may be considered as a crystal over 5 ® 0, which corresponds to the 
[/q(0)-bimodule structure on f/g(g). Hence, for example, 5*^, the Weyl group action on 
B(Ug{g)) with respect to the star crystal structure is a crystal automorphism of B{Ug{Q)) 
with respect to the original crystal structure. In particular, the two Weyl group actions 
Sw and S"^, commute with each other. 

2.5. Global bases. Recall that Aq C is the subring of K consisting of rational func- 
tions in qs without pole at gs = 0. Let — be the automorphism of K sending qs to 
qs~^- Then Aq coincides with the ring Aqo of rational functions regular at qs = 00. Set 
A := Q[qs, qs~^]- Let ^ be a vector space over K, Lq an A-submodule of V, Loo an Aqo- 
submodule, and Va. a A-submodule. Set := Lq fl L^o H Va- 

Definition 2.3 (PHI)- We say that (Lo,-Loo,Va) is balanced if each of Lq, L^d and Va 
generates V as a K-vector space, and if one of the following equivalent conditions is 
satisfied. 

(i) E — > Lo/qsLo is an isomorphism. 

(ii) E Loo/qs~^Loc, is an isomorphism. 

(iii) {Lq n Va) © (^s'^-^oo H Va.) ^ Va is an isomorphism. 

(iv) Aq (8>q E — » Lq, Aoo ®(Q E — > Loo, A ®Q E Va and K ®q E ^ V are isomor- 
phisms. 
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Let - be the ring automorphism of Uq{g) sending q^, q{h), e^, fi to g( 

^)) fi- 

Let Uq{g)A be the A-subalgebra of Uq{Q) generated by e-"\ f-"^ and {h G d^^P*). 

Let M be a f/£,(0)-module. Let — be an involution of M satisfying (au)^ = au for any 
a e Uq{Q) and m G M. We call in this paper such an involution a har involution. Let 
(L(M),i?(M)) be a crystal base of an integrable ?7g(g)-module M. 

Let Ma be a f/q(g)A-submodule of M such that 

(2.21) (Ma)" = Ma, and (m - m) G {q^ - 1)Ma for every u G Ma- 

Definition 2.4. Uq{Q) -module M endowed with (L(M), B{M), Ma, —) as above is 
called with a global basis, if {L{M) , L{M)~ , Ma) is balanced, 

In such a case, let G: L{M) / q^L{M)^E := L{M) n L{M)- n Ma be the inverse of 
E^L{M)/q,L{M). Then {G{b);b G B{M)} forms a basis of M. We call this basis a 
(lower) global basis. The global basis enjoys the following properties (see [TUl ITT|): 

(i) aj)) = G{b) for any b G 5(M). 

(ii) For any n G Z^qj {G{b); ei{b) ^ ri} is a basis of the A-submodule X]m>n fi'^^^A- 

(iii) for any i G / and 6 G B{M), we have 

/,G(6) = [l+5,(6)],G(/,6) + J]F^,,,G(6')- 

Here the sum ranges over b' G B{M) such that £«(&') > 1 + £«(&)• The coefficient 
F^*^, belongs to qsq]'^''^^ ^Qfe]- Similarly for eiG{b). 

Let M and be f/g(0)-modules with global bases. We say that a f/q(g)-morphism 
/ : M — i> is compatible with global bases if it satisfies the following conditions: 

(i) If M is a global basis vector of M, then f{u) is a global basis vector of or 0. 

(ii) If a pair of global basis vectors u and f of M satisfies f{u) = f{v) ^ 0, then u = v. 

These conditions are equivalent to the following set of conditions: 

(a) / commutes with the bar involutions. 

(b) / sends L(M) to L{N) and Ma to A^a- 

(c) The induced morphism 7 : L{M)/q,L{M) L{N)/q^L{N) sends S(M) to5(A^)U 
{0}. 

(d) Ker(/) is generated by a part of the global basis of M. 
In such a case, /(M) has a global basis, and we have 

B{M) D B{f{M)) C B{N). 

If / is a monomorphism then B{M) ~ B{f{M)) C B{N), and if / is an epimorphism 
then B{M) D B{f {M)) ~ B{N). 

2.6. Extremal vectors. Let M be an integrable [/q(0)-module. A non-zero vector u E M 
of weight A G P is called extremal (see fB]), if we can find a subset F of non-zero weight 
vectors in M containing u and satisfying the following properties: 

(2 22) if ''^^ ^ aiid i satisfy {hi, wt{v)) ^ 0, then eiV = and f^^'^^'""'^^'"'>'^\ g 

if V G F and i satisfy {hi,wt{v)) ^ 0, then fiV = and e[~^'^"'"^^'"^'^\ G F, 
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The Weyl group W acts on the set of extremal vectors by 

,{{hi,wt{u)) 



(2.23) 



if (/ii,wt(M)) ^ 0, then Sf°''^u = /, 
if {hi,wt{u)) ^ 0, then = e. 



{-{hi,wt{u))) 



U. 



We have wt(5S°™M) = wvft{u) for w eW. Note that, by (EZI), is equal to S^u 

up to a non-zero constant multiple. 

Similarly, for a vector 6 of a regular crystal B with weight A, we say that h is an extremal 
vector if it satisfies the following similar conditions: 

, , \i w eW and i E I satisfy {hi, wX) ^ 0, then CiS^b = 0, 

ii w E W and i E I satisfy {hi, wX) ^ then fiS^b = 0. 

For X E P, let us denote by V{X) the ?7q(g)-module generated by ux with the defining 
relation that ux is an extremal vector of weight A. This is in fact infinitely many linear 
relations on ux- 

For a dominant weight A, V{X) is an irreducible highest weight module with highest 
weight A, and V{—X) is an irreducible lowest weight module with lowest weight —A. 

We proved in [T3] ^ that V{X) has a global basis {L{X), B{X)). We denote by the same 
letter ux the element of -B(A) corresponding to ux E V{X). Moreover Uq{g)ax — > ^(A) 
{ax I— > Ma) is compatible with global bases. Hence the crystal -B(A) is isomorphic to the 
subcrystal of B{oo) ^ tx ® B{—oo) consisting of vectors b such that b* is an extremal 
vector of weight —A. By this embedding, ux E B{X) corresponds to u^o ® ® M-oo- 

Note that 

(2.25) U^{q)ux= KG{b). 

beB(X)n (uoo(g)tA(g>B{-oo)) 

For any w E W, ux ^ S'^If^Uyjx gives an isomorphism of f/g(g)-modules: 

V{X)^V{wX). 

This is compatible with global bases. Similarly, letting 5*^ be the Weyl group action on 
B{Uq{Q)) with respect to the star crystal structure and regarding -B(A) as a subcrystal of 
B{Uq{Q)), S^: B{Uq{Q))^^B{Uq{Q)) induces an isomorphism of crystals 

(2.26) S*^: B{X)^B{wX). 

This coincides with the crystal isomorphism induced by V{X)^^V{wX). Note that we 
have 



2.7. Global bases of tensor products. Let us recall the following results proved by 
Lusztig ([ini)- Let ^int be the category of integrable f/g(0)-modules which are a direct 
sum of \^(A)'s (A E P^)- Similarly let be the category of integrable Uq{Q)-m.odu\es 
which are a direct sum of V(A)'s (A E P^)- Let M and be f/g(g)-modules. Assume 

4n it is denoted by y™'*'^(A), because I thought there would be a natural J7g(0)-module whose 
crystal base is the connected component of B{X). 
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that M and have bar involutions, and that either M G i^mt or G ^j^f Then there 
exists a unique bar involution on M ® such that 

{u®v)^=u®v for every u & M and v ^ N such that either m is a highest 

weight vector or f is a lowest weight vector. 

Assume further that M and A^ have a global basis. Then M ® N has a crystal base 
{L{M(g)N), B{M(g)N)) := (L(M) (^Ao L{N), B{M)®B{N)), and an A-form {M(^N)a = 
Ma<^aNa- Then M O A^ has a global basis; namely {L{M (g) N) , L{M (g) N)' , {M ^ N) a) 
is balanced. In particular, V{X) ® V{iJ,) has a global basis either if A is dominant or if — 
is dominant. 

Let A G P. Then for any pair of dominant integral weights ^ and rj such that X = ^ — 1], 
Ug{Q)ax V{0 ® ^{~v) (Qa ^ <g) u^r}) is compatible with global bases. Conversely 
the global basis of Ug{Q)ax is characterized by the above property. 

Lemma 2.5. For A G and fi ^ P, 

(2.27) Ug{Q)ax+^, V{X) (g) Ug{Q)a^ {ax+^, ^ux® a^) 

is compatible with global bases. 

Proof. For dominant integral weights ^ and t] such that /i = ^ — ?7, we have a diagram of 
morphisms compatible with crystal basses except the dotted arrow: 

UgiQ)ax+^ V{X + ® V{-r]) 

pi 



Y i 

ViX) (g) Ugig)a^ V{X) ® V{0 ® V{-r]) 

Hence the dotted arrow is compatible with crystal bases. □ 
This morphism ()2.27|1 induces an embedding of crystals 

B{UgiQ)ax+^) ^ B{X) BiUg{g)a^) for A G P+ and G P. 

There exists an embedding B{oo) ^ B{X) ® -B(oo) ® T_a, and the above morphism 
coincides with the composition 

B{Ug{g)ax+,,) ~ P(oo) ® Ta+^ ® P(-oo) P(A) ® P(oo) ® T_a ® Ta+^ ® P(-oo) 
~ B{X) ® B{oo) ® ® B{-oo) ~ B{X) ® B{Ug{g)a^). 

2.8. Demazure modules. Let M be an integrable [/q(g)-module with a global basis 
{L{M),B{M),Ma,-). Let A^ be a ?7+(g)-submodule of M. We say that A^ is com- 
patible with the global basis of M if there exists a subset B[N) of B{M) such that 
N = Q)beBiN)KG{b). 
It is shown in ^2] that 

(2 28) ^iB{N) C B{N) U {0}, and Ug{Q)N = U-{q)N is also compatible 
with the global basis. 

Namely there exists a subset B{Ug{Q)N) of B{M) such that 

Ug{d)N= KG{b). 

b(^B{U,{s)N) 
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Moreover we have 

BiU,{g)N) = {k---Lb;m^O,t,,...t^eI,be 5(iV)} \ {0}. 

For A G P, the f/g'^(g)-submodule U^{g)ux of V"(A) is compatible with the global basis 
of y(A) (see flT^ V 
We set 

Regarding -B(A) as a subset of B{Uq{Q)ax) = B{oo) ®tx^ B{—oo), we have 

5+(A) = 5(A) n (Moo®tA®5(-oo)) and 5"(A) = 5(A) n (5(oo) ® tA ® W-oo) ■ 

The subset -B^(A) satisfies the following properties. 

Lemma 2.6. (i) eiB+{X) C 5+(A) U {0}. 

(ii) For any b G i?"*"(A), if Si{b) > 0, then fib G -B^(A) U {0}. Or equivalently, for any 
i-string S of B{X), S r\B^{X) is either S itself, the empty set or the set consisting 
of the highest weight vector of S . Here an i-string is a connected component with 
respect to the crystal structure over Uq{g)i. 

This is a consequence of the following lemma. Note that B{U^{Q)a\) = Uoo ®T\® 
B{-oo). 

Lemma 2.7. (i) e,B{U+ig)ax) C B{U+iQ)ax) U {0}. 

(ii) For any b G B{U+{Q)ax), if Siip) > 0, then fib G B{U+{Q)ax) U {0}. Or equiv- 
alently, for any i-string S of B{Uq{g)ax) , S H B{U^{g)ax) is either S itself, the 
empty set or the set consisting of the highest weight vector of S . 

Proof. The first property is evident. In order to prove (ii), write b = Uoo ® tx ® b' with 
b' G B{—oo). Then ei{b) = max(0,£j(tA ® b')), and hence = ifi{uoo) < £i{tx ® b'). We 
have therefore fib = u^o ®tx® fib' . □ 
Similar results hold for -B^(A) and B{Ug {g)ax). 

Proposition 2.8. For (3 G and A G P, assume (/5, A) ^ 0. Then we have 

Ss/^ux e Ug{Q)ux and Ss^^ux E B' (X) . 

Proof. We shall argue by the induction of ht(/?). Let us take i E I such that {hi, (5) > 0. 
If (3 = ai then the assertion is trivial. Otherwise we have 7 := Sj(/3) G A^_^. Since 
(7, SiX) = {P, A) ^ 0, the induction hypothesis implies that 

(2.29) Ss^SiUx G U;{g)S,ux. 

If {hi, A) ^ 0, we have 

Ug{Q)~ux D Ug{g)~SiUx D Uq{g)~Ss^SiUx = SiS^^ux 

Since Uq{g)~ux is an ?7g(g)i-module, it contains Sg^ux- 

Now assume that {hi, X) < 0. Then {hi,S(3X) = {hi,X) - {p^^ , X) {hi, p) < 0. By TTM . 
we have 

SiSs^Si{Uoo<S)ts^X<^U^oo) = 5's^(Moo ®is,A ® M-00) 

G P(00) (g) ts^X ® M-oo- 
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Hence applying S* we have 

SiSs^iUoo <S)tx(S) M-oo) G S*{B{oo) (g) ts^X ® U-oo), 

or equivalently (here e*™"^^}) = e*^»*(^^6 and fi"'''''^b = fp^'^^b) 



?i>0 



C B(oo) (g) i^A ® M-oo- 

The last inclusion follows from 

fr'^ibi 0tx® 62) = b[ ®tx0 fr^'h for some b[ E B{oo) 



□ 



2.9. AfRne case. Until now, we have assumed that g is a symmetrizable Kac-Moody 
algebra. From now on, we assume further that Uq{Q) is a quantized affine algebra. 

2.9.1. Extended Weyl groups. We take a weight lattice P of rank rk(g) + 1 and an inner 
product on P as in We set t* = Q ® P, which is canonically determined by the 

Dynkin diagram. 

Let us define 5 G Ylii ^>o«j and c G Yli ^^o^i by 

{A G ^cfcj ) (^i) A) = for every i G /} = Z5, 

^2.30^ 

{/i G 2jj ; Ckj) = for every z G /} = Zc. 

By the inner product of t*, we sometimes identify t* and its dual. Note that the inner 
product on t* is so normalized that 5 and c correspond by this identification. 
For a G A'''^, we set Cq, := max(l, (a, a)/2) G Z. Then we have 

(a + Z5) n A = « + c«Z. 

Let us denote by Pci the quotient space P/ (PflQ 5), and let us denote by cl : P ^ Pc\ the 
canonical projection. Let us denote by P*^ the dual lattice of Pcij i-e. P*i = Ker((5: P* —>■ 

z) = {^,Qh,)nP*. 

Similarly to Pd, we define t*i := t*/Q6, and let cl: t* — > t*i be the canonical projection. 
Define 1*° : = Ker(c: t* ^ Q), and t*i° = cl(r°). The dimension of t*i° is equal to rk(0) - 1. 
The inner product of t* induces a positive definite inner product on t*^^. 

Let us denote by 0(t*) the orthogonal group, and 0{t*)s ■= {g G 0(t*) ; g6 = 6} the 
isotropy subgroup at 6. Then there is an exact sequence 

1 — ' ^ o{t*)s o(t:i°) — > 1. 

Here t: tci° 0{t*)s is given by 

t(cl(0)(A) = A + (A,5)e- (A,05 - %^(A,5)5 for ^ G r° and A G t*. 
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Let US set — clo(W^). Then Wd is the Weyl group of the root system := 
t*i°. We define the extended Weyl group W by 

W:={we 0(t*)5 ; wA = A and clo(w) e W^} ■ 
Then we have a commutative diagram with the exact rows: 
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c^A'-^) c 



Q 



w 



<* L 



1 



0{t*)s ^ O(t:,0) 1 



Here P and Q are given by 



where 



pOV 
^cl 

Qcl 



{A G t^i" ; {hi, A) e Z for every i G /} , 
{A e t*i° ; (tti, A) e Z for every i G /} , 

^Zcl(aO, 



J]Zcl(/i,). 



The Weyl group 14^ is a normal subgroup of W , and is a semi- direct product of W and 
Auto(Dyn) := {t ; 6 is a Dynkin diagram automorphism such that clo(i) G Wci}. 

P/g^iy/W^^Auto(Dyn). 
Remark 2.9. (i) If Q is untwisted, then (a, q;)/2 ^ 1 for every a G A"^^ and 

p = prcp°, Q = Qricgci. 

(ii) If is the dual of an untwisted affine algebra, then (a, q;)/2 ^ 1 for every a G A""^ 
and 



P = P°cPr, Q = QcicQ,^,. 



(iii) If = ^2^^ then we have (a, q;)/2 = 1/2, 1 or 2, and 

p = g = po = p,r = Qcl = Qc^ = E = E 
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2.9.2. Peter-Weyl theorem. Let us recall some of the results by Nakajima and Beck- 
Nakajima. 

The following theorem is conjectured in ^1] by the author and proved in [2] by Beck- 
Nakajima. 

Theorem 2.10 (a version of Peter-Weyl theorem). 

AgP 

Here Bo{X) is the connected component of B{X) containing ux. Note that Bo{X) = B{X) 
when the level of A does not vanish. The Weyl group acts on LlAeP-^('^) ^ -So(— A) by 
W 3 w: B{X) X Bo{-X) B{wX) x Bo{-wX) via the action given in (IT^ . The left 
crystal structure {ci, fi) on B{Ug{g)) is compatible with the crystal structure of B{X), 
the first factor of B{X) x Bo{—X), and the right crystal structure (e*,/*) on B{Uq{g)) is 
compatible with the crystal structure of -Bo(— A), the second factor of -B(A) x Bq{—X). 

For AgP, there exists a unique symmetric bilinear form (-, ■) on V{X) that satisfies: 
{ux,G{b)) = 6b,u^ for every b G B{X), 
{eiU,v) = [u, fiv) for every u, v E V{X), 
{q{h)u,v) = {u,q{h)v) for every -u, f G V^(A) and h G d^^P*. 

The following theorem is trivial for non-zero level case, and proved in [ZI1I21 by Nakajima 
and Beck-Nakajima for the zero level case. 

Theorem 2.11. (i) This symmetric bilinear form on V{X) is non-degenerate. 

(ii) {G{b),G{b')) G + QsAo) for any fi e P and b,b' G B{X)^. 

(iii) Forb,b' G B{X)x, we have (G{b),G{b')) = 6b,b'- 

In particular if f is a non-zero vector of ^(A), then there exists P G f/<j(0) such that 
{ux, Pv) does not vanish. Note that (ma, Pv) coincides with the coefficient of ux when we 
write Pv linear combination of the global basis. 

Conjecture 2.12. Theorem 12.111 holds for an arbitrary symmetrizable Kac-Moody Lie 
algebra q. 

3. Extremal vectors 

We assume that Uqi^Q) is a quantized affine algebra. Let M be an integrable Uq^Q)- 
module with a global basis. Let iV be a f/g'"(g)-submodule of M compatible with the 
global basis of M. Then, for A G P+, ux® N is also a f/+(g)-submodule of V{X) ® M 
compatible with the global basis. Hence Uq{Q){ux®N) is a f/g(0)-module compatible with 
the global basis of V{X) (g) M. 

Proposition 3.1. Assume that for anyb G B{N) ifei{b) > 0, then fib G i?(A^)U{0}. Or 
equivalently, for any i-string S of B{M), S r\B{N) is either S itself, the empty set or the 
set consisting of the highest weight vector of S. Assume further that fiN C whenever 
{hi, A) = 0. Then we have 

Uqid)iux 0N)nux®M = ux®N. 
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Proof. It is enough to show that 

B{Uq{g){ux ® A^)) n UA ® B{M) = ® B{N). 

We have 

5(f/,(fl) (ux ® N)) = 1^ ...f^J;ni^O,t,,...t^eI,beux(g) B{N) } \ {0}. 

Hence it is enough to show that, for b G B{N) such that fi{ux ® b) = ma ® fib, we 
have fib G B{N) U {0}. Since /^(ma ® &) = ma ® /i^ if and only if {hi, X) ^ and 
fiB{N) C 5(iV) U {0} if {hi. A) = 0, the assertion follows. □ 

Corollary 3.2. For A G P"*" and ^ E P such that {hi, ^) ^ whenever {hi. A) = 0, we 
have 

Uq{Q){ux ® u^) n ua O V'(/i) = ua ® U'^{q)u^, 

and 

B{Ug{Q){ux ® M^)) nux® = Ma ® 
Indeed, Lemma ITT)! allows us to apply the proposition above to M = V{fi) and = 

Let A G be a dominant integral weight and yU G P an integral weight. Then we have 
a chain of morphisms compatible with global bases 

UqidW+i^ ® Ug{g)a^ V{X) ® Vifi). 

Theorem 3.3. Let A G P^ 6e a dominant integral weight and ^ E P an integral weight. 
Then there exist a unique homomorphism Uq{Q){ux ® u^) V{X + fi) that sends Ux ® u^j, 
to Ux+fj.- Moreover this morphism is compatible with global bases. 

Proof. We have a commutative diagram 

Uqid)ax+f, — - Ug{Q){ux (g) u^)^ ViX) ® 

ViX + fi) 

All the solid arrows are compatible with global bases. Hence, in order to show the theorem, 
it is enough to show the existence of the dotted arrow. 

Correspondingly, we obtain the following diagram of crystal bases. 

B{UMax+,) 'B{{Ug{e){ux^u^)) 

B{X + /i) 

Let G{b) G Ug{g)ax+^ be the global basis vector corresponding to 6 G B{Ug{g)ax+^). Then 
b G P(A + /i) means that G{b)ux+^ 7^ (we regard V{X + jj) as an [/g(g)-module), and 
b G B{Ug{Q){ux®u^)) means G{b){ux ® u^) 7^ 0. 

Hence we have reduced the problem to the following proposition: 

P(A + yu) C B[Ug{g){ux ® u^)) as subsets of B{Ug{Q)ax+f,). 

Taking b G P(A + yu) C B{Ug{Q)ax+^i), let us show that b G B[Ug{Q){ux ® u^)). 
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Since G{b)ux+,_i ^ 0, Theorem 12. 1 II implies that there exists P G Ug^Q) such that, when 
we write PG{b)ux+^ as a hnear combinations of the global basis of V{X+fi), the coefficient 
of MA+/i does not vanish. Hence, if we write PG{b) as a linear combinations of the global 
basis of Ug{g)ax+^ the coefficient of ax+fj, does not vanish. Hence PG{b){ux ® u^) as a 
linear combinations of the global basis of ^(A) ® V^(/u) the coefficient of ux ® Ufj, does not 
vanish. We conclude then that PG{h){ux ® u^) ^ 0. Hence h G B(Uq{g){ux ® W/i))- □ 

Remark 3.4. Theorem 13 . 31 holds also for any finite-dimensional q, because Theorem 12. Ill 
trivially holds in such a case. 

Corollary 3.5. If X E P^ and ^ E P , then Ux^u^ G B{X) ^ B{fi) is an extremal vector, 
and we have an inclusion B{X + fi) C B{X) Cg) B{fi) as subsets of B{X) ® B{Ug{g)a^) . 

Note that the first statement holds for an arbitrary Kac-Moody Lie algebra. 

4. Fundamental representations 

Write the smallest positive imaginary root 6 and the smallest positive imaginary coroot 
c as 

6 = ^aiai, c = y^^a^hj. 

i i 

Then we have 



We choose G / such that 
(i) Setting Jq = {i G / ; i 7^ 0} and Wq := {si ; i E Iq) C W, the composition Wq 
is an isomorphism. 

(n) ao = 1. 

Such a exists and is unique up to a Dynkin diagram automorphism. 
If = A'^^, ao is the longest simple root and Oq = 2. 



12 n-2 n-1 n 1 

= Ag c^^o — -o C^^O A^Jc^^O 

6 = ao + 2{ai + ■ ■ ■ + «„), 

c = 2{ho H h hn-i) + hn- 

(ao, ao) = 4, (a„, a„) = 1, (a^, a^) = 2 for < 2 < n 

FlGURE 1.0 = A^^^ 



If is not of type ^2^, then = 1. Note that 5 — ao G A''*' if is not of type A^^J^, 

(2) 

and {d — ao)/2 G A''^ if is of type Ag^ . Hence one has always ss-ao ^ W. 

Let us denote by f/g(0o) the subalgebra of Ug^Q) generated by e^, /j {i G Jq). This is 
the quantized universal enveloping algebra associated with a finite-dimensional simple Lie 
algebra. 
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Let Wk be a fundamental weight of level 0. That is, {^k}k£io is a set of vectors such 
that {hj, Wk) = for j G Jq with j ^ k, and 

^ci"^ := ^ tci ; (c, A) = and {hi, A) G Z^o for every i G Jo} 

= z^o Wfc. 

fce/o 

A fundamental weight of level is unique up to Q 6. We can take 

{Afc — a^Ao when Oq = 1, 
2 , , , .(2) 
rAfe-Ao when0 = A^„^ 
(afc,afc) 

Here A^ is a vector in P satisfying {hi, A^) = 6ik for i E P 

Let k E I \ {0}. Set = max(l, (a/c, afc)/2) G Z. Then we have 

{n G Z ; ttfc + G A} = Zc^, 

and 

w^tu^, n {wk + Z5) = tzTfe + ZckS. 

We have ccfc + ?t,5 G Wt(\/(ti7fc)) if and only if G c^Z. 

For any = wX G W\, we use the notation for the extremal vector S^°^^ux G l^(A). 
Note that S^"^^u\ is a unique global basis vector of weight ^. 

We denote by Ug^Q) the subalgebra of Uq{g) generated by Cj, fi {i G /) and q{h) 
{h G d~^P*^ C c/~ip*). 

Then there exists a unique ?7g(g)-morphism z^: V{zUk) V{'cuk) sending u-^^ to 
Uzuk+ckS- The operator 2;^ has weight CkS. The global basis of V{zuk) is stable by Zk- 
We have 

= u^+CkS for every ^ G ■ A. 

The quotient W{tUk) ■= V{wk) / {zk — l)V{wk) is an irreducible f/q(0)-module with a 
global basis. The morphism V{wk) -» Vr(?A7fe) sends the members of the global basis of 
V{wk) to the one of W{wk)- 

In this section, we set 

(4.2) \:=Wk, fi := WoZUk where be the longest element of Wq. 

Then n = —Wk' mod Z5 for some k' G /q. 

Then f/g(0o)'"A = Uq{QQ)u^ is an irreducible f/g(0o)-module with highest weight A and 
lowest weight /i. Note that U^{g)Ufj, is a f/g(0o)-iiiodule. We have 

G U+{q)u^ for any ^ G PVo ■ a = ly ■ a n (A + ^ Za^). 



Lemma 4.1. 2;^^^ G f/+(B) 



Proof. Assume Qq = 1. Then we have ak' '■= c^a^/ G Q and t{ak'){fi) = fi + CkS. Hence 
ZkUf, = S'f(1™M^. Since we have CkS - ak' G A'^^, t{ak') = Sc^s-aySay, and (afc',/i) = 
(cfc5 — afc', Sfc'/i) < 0, Proposition 12.81 implies that •S'"^^™ G Ug{Q)Ufj,. 

Now assume that = Ag^^ Then t{—ao/2)fi = fi + 6 and t(— ao/2) = SaoS{s-ao)/2, and 
(5 — ao, fi) = (ao, ■5(5_Q,(,)/2yu) < 0. Note that {6 — q;o)/2 G A'i^^^. Hence Proposition 12.81 
implies that S^^^u^ G f/+(s)M^. □ 
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Lemma 4.2. (i) B^(fi) \ ZkB^{fi) ~ B{W{\)) as a crystal over Qq. 
(ii) U^{Q)u^/U^{Q)zkU^ is isomorphic to W{X) as a Uq^Qo) -module 

Proof. The crystal B^{fi) is a regular crystal over Qq. The crystal B~^{fi) is invariant 
by Zk, and IJ z^B~^{fi) = B{fi), f] z'^B~^{fi) = 0. On the other hand, the crystal 

B{yV{X)) is isomorphic to the quotient of -B(/i) by the action of Z given by z^. Hence 
\ ZkB+{fi) B{W{X)) is bijective. (ii) follows from (i). □ 



(2)^ 
2n , 



Lemma 4.3. Assume that {ho, A) = —1 {i.e. = 1 or g = A 

(i) Cfc = 1. 

(ii) W{X) is an irreducible Uq{Qo) -module. 

Proof, (i) if g = ^2ri5 then (afc,a;fc)/2 ^ 1 for A; 7^ 0, and hence = 1. If a(. = 1, then 
1 — tx^ — ^ (x^ ^ ^ , anu. nence — -L* 

(ii) By Lemma it is enough to show that := U^{Q)Ufj,/U^{g)zkU^ is irreducble 
as a C/5(0o)-niodule. Note that cqMa = Us,x = ux+s = ZkUx e U^{Q)zkU^ and eiUx = 
for i ^ 0. Since t/+(0)M^ = f/g+(0)f/q(0o)MA = t/g(0o)t^q^(0)MA, we have N = Uq{go)ux 
mod ZkU+{Q)u^. □ 

Two vectors ua^^ux and u\q®u^ are extremal vectors in the same connected component 
of -B(Ao) ® -B(A). Since the level of Aq + is equal to one, there exists a unique dominant 
weight ^0 of level one such that e W ■ {Kq + X) = W ■ {Kq + By Corollary EiH the 
connected component of -B(Ao) ® B{X) containing u\g ® ux is isomorphic to -B(^o)- Set 
M = y(Ao) ® V{ii) and M„ = f/g(0)(MAo ® z^ux) = f/g(0)(uAo ® ^fc^^) ^ M. Note that 
Corollary 13.21 implies 

Mn n {UA, ® V^(A)) = UAo ® f/+(0)4«M- 

Lemma 4.4. (i) M„+i C M„. 

(ii) M = U„ez^n. 

(iii) n.ez^n = 0. 

Proof, (i) is obvious. Since Vr(/i) is generated by as an [/+(0)-module (by IH Propo- 
sition 1.16]), we have V{fi) = UnUq{g)z^u^, which implies (ii). 

In order to prove (iii), it is enough to show that n„i?(M„) = 0. Any vector b G n„-B(M„) 
is connected with a vector in ma,, ® B{h). Since B{Mn) fl (mao ® -B(/i)) = maq ® -2^-B^(/i), 
the result follows from nnZ^B^ (fx) = 0, which is an immediate consequence of n„(/i + 
nS + g+) = 0. □ 

Lemma 4.5. 5(Mo) \ S(Mi) ~ 5(Ao) ® 5(Vr(A)). 

The proof is similar to the one of Lemma 14.21 

Proposition 4.6. (i) The vector uaq ®ux+nckS, regarded as a vector of Mn/Mn+i, is 
an extremal vector. 
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(ii) 



Afc if {ho, A) = -1, i.e. al = 1 or q = A. 



(2) 
2n ; 



L^'^{Ao) ~ ^' — ^ ^' Dynkm diagram auto- 

morphism such that t{\) G Wl, 

A4 if Q = Fi'^ o-nd k = 3, 

mod Q6. For the last case, see Figure |21^?^ the proof. 

Proof. We may assume that n = 0. If uaq ® ma G Mi, then ua G U^{Q)zkU^, which is a 
contradiction. Hence ® ma niod Mi is a non-zero vector. 
We divide the proof into three cases. 



(2) 
2n 



Case 1) = 1 or g = A. 

In this case {ho. A) = —1 and Cfc = 1 by Lemma 14.31 We shall show that ® ^^a 
is a highest weight vector of Mq/Mi We have ei{u\g ® ma) = for z 7^ 0. We have 

eo{uAo ® Ma) = ^^Ao ® eo^A, and coUx = SoUx = Us^^_gX+5 = ZkUs^^_sX G ZkU^{g)Uf,. 

Case 2) = 1 and i^^lM ^ 1 

We have A G P and hence t{X) G W. We have then t(-A)(Ao + A) = Aq mod Z5. 
Hence if we write t{X) = wl with w E W and a Dynkin diagram automorphism l, then 
we have ^0 = w'^i^o + A) = i"H(-A)(Ao + A) = i~^(Ao) mod Q5. 

Set f = S^^I-^{uao ® Ma). Here we regard S^-i as an isomorphism V{Ao) (g) V^(A) — 
V{r^Ao) V{r^\) such that S,-i{au) = r^{a)S,-i{u) for a G f/g(s) and m G V{Ao) (g) 
V^(A). Hence, f is regarded as a vector in V{l^^Ao) (8> \^(i~"'^A). We shall show that 
Cjf G 5*^-1 Ml for every i E I. 

(i) ^7^0,k 

In this case t(A)aj = holds. Hence we have Tt(x)ei = Ci, and 
Stix)(iiV = (Tt(x)ei){uA^, (g) Ma) = ei(MAo ® ma) = 0. 

(ii) i = k 

Since (/ifc,wt(M)) = 0, it is enough to show that ^kSi^-^S^^l-^^UAo ® ux) G S^-iMi. 
This is equivalent to saying that (Tt(^x)skGk){uAQ<^ux) G Mi. Since t(A)sfca;fc = Ck6 — 
ttfc G A+, we have Tt(x)s^ek G f/g+(0) and {Tt(x)s^,ek){uAo'S)Ux) = (g) (Tt(A)s^efc)MA- 
The last factor is calculated as {Tt(^x)sk(^k)u\ = St(x)sk<^kS^^l-^^^ux = St(x)sk<^kUskti-X)\ 
up to a non-zero constant multiple. Since we have {hk, Sfct(— A)A) = —{hk, A) = —1, 
we obtain efcMs^t(_A)A = Mt(-A)A- Thus we obtain (Tt(A)sfcefc)MA = 5't(A)sfcMi(~A)A = 
Ut(x}skti-\)\ up to a non-zero constant multiple. Since t(A)sfct(— A)A = St(x)a,,^ = 
Sa^_c^5A = SfcA + CkS, we have 

«t{A)sfci(-A)A = Us^X+CkS = ZkUs^X G ZkUgiojUf,. 



(iii) i = 

Let us first show that 



V 



^t{wX)(^M) ® ^wx) up to a non-zero constant multiple for every w G Wo, 
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by the induction of the length of w. Assuming that the assertion is true, we shall 
show that it is true for SjW for i G Iq. According that Sit{wX) ^ t{wX), we have 
St{siw\) = SfSt(w\)S^. Hence we have 

up to a non-zero constant multiple. 

Now we divide the proof into two cases. 

(a) (ftfc, ak)l2 = 1 

In this case, Ck — 1. There exists w e Wq such that 

w~^ao = — ccfc mod Z5. 

Hence wc have {hQ,wX) = —1, which implies that t{wX)ao = ao + 6 and 
{t{wX)ao, wX) — —1. Then we have 

= ® St(wX)eoS^(^l)^-^Uwx 

On the other hand, we have 

Sao+swX = wX — (ao + ^, wX){ao + 6) 

— wX — {ao — S, wX){ao — 6) +25 

= SS-aoWX + 25. 

This implies that 

Hence eo(MAo ux) G 5'^7^;^)Mi = S.-iMi. 

(b) {ak, ak)/2 > 1 

In this case, by the classification of affine Dynkin diagrams, there exists i ^ 
0,k such that {ai,ai)/2 = 1. Let us take w G Wq such that w~^aQ = ai 
mod Z5. Hence {w~^aQ.X) = 0, which implies t{wX)ao = a^. Hence we have 
St{wX)eoS^^lx) = '^0 and 

St{wX)eoV = St(wX)^oS^(^lx)i'^^o ^ ''^wx) 

= uao <8) eoUyjx- 

Since + ckq G ^(A + a^) + Z5 is not a weight of V{X), eoUy^x must vanish. 

Case 3) the remaining case (i.e. ag = 1, > 1 and {ak, ak)/2 < 1) 

By the classification of affine Dynkin diagrams, there is only one remaining case, namely 
= Fi^^ and A; = 3: 
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12 3 4 

o — o — c^^# — o 

6 = ao + 2ai + 3a2 + 4a3 + 2^4, 
c=ho + 2hi + 3h2 + 2h3 + /14, 

Figure 2.0 = f]^^ 



We have in this case C3 = 1, A = A3 — 2Ao and /x = A — Aai — 8a2 — I2a3 — 60(4. 
We have 

S4S3S2SiSo(Ao + A) = Aq + A + ao + ai + ^2 + tt4 + tt4 = A4 mod Z6. 

Set X = S0S1S2S3S4 and v = 5'~^(mao ® ux)- Let us show that f is a highest weight vector 
of Mo/ Ml, i.e. dv G Mi for i e /. 

(1) 2 = 

Since xa^ = ai, we have S^eov = (Tj.eo)('UAo ® ux) = el{u/^^^ (g> ux) = 0. 

(2) z = 1 

Since xai = a2, we can conclude eiv = by the same argument as above. 

(3) z = 2 

We have xa2 = + cti + ^2 + 20:3. Hence we have 
S^e2V = 8.^628'^ (ua^ IS) Ux) 
= uao ® iS,^e2S~^ux), 
and since {xh2, A) = —1, we have 

Sxe2S~'^Ux = S:,:S2S~'^Ux = Ug^^^X 
Ux+ao+ai+a2+2a3 

cii— 2q2— 2a3— 2a4 

This imphes that e2V G Mi. 

(4) z = 3 

63^ = follows from xa^ = a^. 

(5) z = 4 

We have seen that v G Mq/Mi is invariant by S2 and 6*3. Hence it is enough to 
show that eiS^^S2^v = 0. Since xs2S3a4 = a^, we have 

3x3283^43;^'^ S^^v = {T^S2S3e4){uAo ® Ux) = es{uAo ® ux) = 0. 

□ 

Theorem 4.7. 

t^5(g)(MA„ ® Ux)/Ug{e){uA,-, (g) MA+Cfc5) =^ '^^(Ao + A). 

5?/ t/izs isomorphism, ® Ma corresponds to Maq+a- 

Proof. By the preceding proposition, there exists a morphism g: V{Aq + A) — Mq/Mi, 
sending maq+a to uaq^ux mod Mi. On the other hand. Theorem 13 . 31 implies the existence 
of a morphism ip: Mq V{Aq + A). Since Aq + A + CkS is not a weight of V^(Ao + A), 
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ip factors through Mq/Mi and thus we obtain a morphism Mq/Mi V{Aq + A) sending 
uao ® to uao+a- Obviously it is an inverse of g. □ 

Note that the theorem holds if we replace A with /i. 

Corollary 4.8. ® \ B+{n + CkS)) ~ 5+(Ao + n). In particular B{W{\)) ~ 

i?^(Ao + fi) as a crystal over Qq. 

Proof. By the preceding theorem, we have 

On the other hand, Corollarv 13.21 implies that f/g(g)(MA„ ® U/_j+cj.5) n f/+(0)(nAo ® ^^^t) C 
[/q(s)(MAo ® u^+cks) n mao ® V^(At) = uao ® ?7+(g)M^+Cfc5, which implies that Uq{g){uAo ® 
MM+Cfc<5) n ?7+(g)(MAo (S) U;,) = ma„ (S) f/+ (0)M^+Cfe5. Heucc we have 

Ugi9)uAo+^^ - {uAo ® U^iQ)u^)/{uAo ® t/+(fl)M^+c,5). 

Thus we obtain the desired result. □ 
Lemma [4.51 and Theorem 14. 71 implv the following result. 

Corollary 4.9. fi(Ao) ® fi(H^(A)) ~ fi(Ao + A). 

Corollary 4.10. There exists a unique vector b G B{W{X)) such that ei{h) ^ 

Proof. The condition is equivalent to saying that ma,,®^ is a highest weight vector, and the 
preceding corollary implies that B{Kq)®B{W{X)) has a unique highest weight vector. □ 

Corollary 4.11. (i) If he B{fi) satisfies wt{b) ^ Co - Aq -c^^ + Q-, thenb E B^{^). 
(ii) If an integral weight rj satisfies rj ^ ^q — I^q — 0^5 + Q^, then V{\)n = {U^^gju^)^. 

Proof. There exist b' G B^{fi) \ B{fj, + CkS) and n eTL such that b = z^b' . By Corlollary 
14. 8t we have wt('UAo ® = + wt(6) — nckS G + Q-- Hence the assumption implies 
n ^ 0. Thus we conclude (i), and (ii) follows from (i). □ 
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